ABSTRACT This paper presents a procedure for designing a mechanical training and rehabilitation gait system centered on ankle trajectories for children with cerebral palsy or any other psycho-motor limitation. With the aim of developing a reconfigurable device adjustable to the anthropometric characteristics of the user, an analytic model for the generation of ankle trajectories was elaborated, taking as a base the experimental data reported in literature. A dimensional synthesis for a mechanism to follow the drop type trajectories was carried out as a constrained numerical optimization problem that was solved with both the mathematical programming method and an evolutive algorithm, sequential quadratic programming (SQP) and differential evolution (DE), respectively. The comparative analysis of the results from both methods for this case study shows that DE outperforms SQP because of the limited feasibility space derived from the problem constrains and boundaries. The best result from DE was simulated with a computer-aided design package using a real size model for manufacturing.
I. INTRODUCTION
There are many factors that affect gait ability, but the most frequent are cerebral palsy and cerebral stroke. Infantile Cerebral Palsy (ICP) produces lifelong motor impairments and disability, and it has been estimated that it affects 2-2.5 neonates per 1000 live births in industrialized countries, with up to 4 neonates affected in undeveloped countries [1] - [3] . This disorder implies deficiencies for developing Activities of Daily Living (ADL), with mobility being the most important. Thus, it is necessary to make a diagnosis and rehabilitation in order to improve life quality of the affected persons. In the case of cerebral palsy frequently the patient needs to learn to walk because the disease inhibits the normal development of this basic skill, and some children are never able to walk. In this case, the robotic assistance therapy is a useful alternative for treatment [2] , [4] - [8] , and the use of mechanical devices becomes an aid even for the therapists, decreasing their physical stress. Two strategies are used for the design of these rehabilitation systems: exoskeletons and end effector devices. The exoskeleton devices have some advantages such as: light weight, low energy consumption and easy manufacture. On the other hand, their limitations are related with the number of degrees of freedom required to reproduce naturally limb movements; this depends on the particular biometric characteristics of the user, generating constrains in the limb movements and requiring an excessive time to set-up the device. Furthermore, the end effector devices facilitate natural limb movements because the patients are usually connected to the machine at only one joint, with the other limb joints making unrestricted movements. However, sometimes additional constrains for rehabilitation therapy are necessary, if the movement is generated from the foot, e.g. knee constrain for the lower limbs rehabilitation. An interesting review about gait rehabilitation systems is presented in [9] ; two commercial examples are LOKOMAT [10] , [11] (exoskeleton based) and G-EO [12] (end effector based) which are designed for users older than seven years taking advantage of the small change in the trajectories size, making it easy to adjust the machine by taking into account the user anthropometry.
According to [13] there are six determinants of gait and one is the ankle movement. It influences the smooth trajectory generation of the lower limb during human displacement, avoiding abrupt body mass center changes and therefore unnecessary efforts over the body joints. These considerations motivate the development of the mechanism designed in this work.
The ankle gait trajectory has been obtained from experimentally acquired data and analytical models, and is used in the design of devices improving the training process for a normal gait [8] , [14] , [15] . Because of the drop path form, the four-bar mechanism is an excellent and widely used design choice, due to its simple structure, ease of manufacturing, and low cost [16] . The path synthesis of planar four-bar linkages has been studied with a variety of methods; these can be classified as graphical, analytical, or numerical. Several Atlases with more than 7000 curves have been developed [17] and they are extensively used by the designers when precision and reconfigurability are not necessary. Analytical methods are useful when a maximum of nine points of precision are considered for this problem [18] .
In numerical developments, the design is proposed as an optimization problem that is solved by meta-heuristic algorithms, as in [18] , where a concept of structural orientation error of the fixed link is developed, and an optimal synthesis method of crank-rocker path generation is presented and used to solve two close trajectories proposed, using a genetic algorithm. Cabrera emph et al. [19] uses the evolutive techniques to solve the dimensional synthesis of four bar mechanism, evidencing their advantages through the resolution of three case studies. A bi-objective optimization problem, where a four bar mechanism is designed to optimize the output motion and energy transmission of a continuously variable transmition, is presented by [20] . The novelty of this work is due to the use of a modified bacterial algorithm to solve the proposed optimization problem. Although this work is focused on developing a rehabilitation system, it is important to emphasize that the use of computational tools, algorithms specifically, in biomedical applications has been increasing, solving a wide number of problems such as: saturation in ambulatory networking systems [21] , computer aided diagnosis of cardiac illness [22] ; preparation, edition, transmission and authentication of medical reports [24] ; clustering information [23] and even assistance for low vision or perhaps blind people to walk autonomously [25] Without loss of generality, a CNOP can be defined as:
where x = [x 1 , x 2 , ..., x n ] ∈ R n is the solution vector and each variable x k , k = 1, ..., n is bounded by upper and lower limits L k ≤ x k ≤ U k , which define the search space S; m is the number of inequality constraints and p is the number of equality constraints (in both cases, the constraints can be linear or non-linear). Once the optimization problem has been formulated, a method to solve this has to be chosen, and there are two ways to do that: a first option is the mathematic programming like SQP; in this case the continuity and double differentiability is a requirement, implying a prior knowledge of the problem. When these requirements are not meet or the solution obtained is not satisfactory [27] another option is the use of meta-heuristic algorithms which are designed to solve in approximate manner a wide range of hard optimization problems. In general these have the following characteristics: are inspired in nature, use stochastic components (random variables) and has a set of parameters that require tuning. A particular case of these are evolutive algorithms, inspired in the Darwin evolutive theory, where only the fittest in a population survive [28] . DE is a method widely used to solve global optimization problems, due to its fast convergence and easily implementation [29] . This work presents a procedure for developing a reconfigurable four-bar mechanism for tracking ankle trajectories, as a part of a gait rehabilitation system that uses fourteen precision points in order to guarantee a smooth and welladjusted path. This system is intended for the rehabilitation or training of children from two to twelve-years old, with cerebral palsy or any other psycho-motor limitation.
Three optimization design problems were proposed and solved using the SQP and DE algorithms, to obtain the dimensional synthesis of the reconfigurable system. The high complexity of these case studies make them difficult engineering problems, so the EAs are a good choice for their solution.
The approach presented in this paper for the dimensional synthesis of mechanisms deals with EAs due their simplicity for implementation and their low computational cost. In addition, there is no need for a deep knowledge of searching space, such as whether or not it is continuous, presents local minimums or shows other mathematical characteristics demanded by traditional searching algorithms, as it is needed for the use of a mathematical programming method [19] . The results obtained in this work suggest the effectiveness of the EAs as a tool for the solution of real world engineering problems. The paper is organized as follows: the design concept of the rehabilitation system is presented in Section II, while Section III shows the analysis of the proposed mechanism. Section IV focuses on the optimization problem and the solution strategy, and in Section V the implemented optimization algorithms are detailed. Section VI highlights the results and their discussion. Finally, conclusions are drawn in Section VII.
II. DESIGN CONCEPT OF THE REHABILITATION SYSTEM
Several gait system therapies have been developed for rehabilitation purposes. However, in the case of CP frequently it is necessary to train children who have never learned to walk. The objective of this paper is to develop a procedure for designing a system to help children in the gait learning process, applying an evolutionary algorithm to the dimensional synthesis. Figure 1 shows the developed design concept.
The system is composed of four subsystems: 1) an upper limbs swing mechanism, 2) a hip movement mechanism and weight support in the frontal plane, 3) a knee subjection element, and 4) a reconfigurable tracking system for the ankle trajectory. A fixed bar is proposed to attach a trunk support for the upper limbs and hip movement mechanisms. One link is used to connect the knee and ankle subsystems. This design proposes a gait rehabilitation in the different stages of therapy, focusing on ankle movement training in the sagittal plane.
The ankle trajectory in the sagittal plane has a drop shape and its size is determined by the human anthropometry, so it is necessary to design a reconfigurable system, adjustable to the range of geometries associated with children from two to twelve years old.
A. TRAJECTORY PARAMETERIZATION
In this work, the ankle trajectory is obtained considering the lower-limb as a robot of two degrees of freedom (Figure 2) , where the hip is the base and the ankle is the robot end effector; the movement of both elements is in the sagittal plane. The direct kinematic is computed using the DenavitHartember (D-H) methodology, and its parameters can be seen in Table 1 .
The D-H methodology is a fundamental tool for serialrobots analysis. The aim to solve the forward kinematics problem is to determine the position and orientation of the end-effector (in this case the ankle), given the values of the robot joint variables. To perform this, D-H developed a widely used methodology for serial-robots analysis, establishing in a systematic way the appropriate assignation and transformation of coordinate systems attached to each link in a robot. Thus, each link is represented by two parameters: the first describes the relative rotation of two attached joint axes in space through the link length (a), and link twist (α). The second describes the joints as from the link offset (d) and the joint angle (θ ) [38] .
Considering the above mentioned, the four parameters that locate one link relative to another are defined as:
• θ i (joint angle) is the angle between the x i−1 and x i axis about the z i−1 axis.
• d i (offest link) is the distance from the origin of link i − 1 to the x i axis along the z i−1 axis.
• a i (link length) is the distance between the z i−1 and z 1 axis along the x i axis.
• α i (link twist) is the angle between the z i−1 and z i axis about the x i axis. The matrix of homogeneous transformation for each link is shown in Equations 2 and 3.
The matrix of homogeneous transformation for the end effector is presented in Equation 4 , as shown at the bottom of this page.
The displacement of the ankle over the X and Y axis correspond to the displacement in the sagittal plane that can be observed in Equations (5 -6).
where L 1 and L 2 are the lengths of thigh and leg, respectively, and q 1 and q 2 correspond to the angular displacement of the hip and knee joints. To solve Equations 5 and 6 it is necessary to establish the angular values of q 1 and q 2 , as well as the lengths L 1 and L 2 . The study of human locomotion presented in [26] is taken into account, in which the percentages of gait cycle shown in Table 2 were established as the ones of greater relevance. This author also reported the angular displacement curves of hip and knee in the sagittal plane, as a function of the percentage of the gait cycle, which are shown in Figure 3 . These curves were adjusted mathematically in this work using the tool eight Polynomial of Matlab R2013b R , from the aforementioned percentages, thus allowing the values determination of the polynomial constants for q 1 and q 2 , which are presented in Equations. (7 -8) .
where a 1 = 2.2667,
.5788, h 2 = 6.0304, x = gait cycle percentage shown in Table 2 The anthropometric dimensions corresponding to thigh and leg were obtained from [35] , and the lengths of links L 1 and L 2 are computed from Equations (9 -10),
where A is the distance measured from knee to buttock, B is the maximum depth of body, C is the distance from floor to knee, and D is the space from floor to ankle (see Figure 4) FIGURE 3. Angular displacements of hip and knee [26] . 
B. RECONFIGURABILITY
For this development the tracking of ankle trajectories in the sagittal plane for children from two to twelve years old is required. So, it is necessary to design a mechanism for carrying out every trajectory in that range. In this design the paths for two, seven and twelve years were considered. The points used to adjust the trajectories shown in Figure 5 , were obtained using Equations (5-6), and are shown in Table 3 .
As can be observed in Figure 5 , the trajectories are drop shaped; they were obtained experimentally and are reported in specialized literature. They have different sizes due to the anthropometric dimensions of the lower-limb, that is, the workspace for this mechanism depends on the lengths of thigh and leg of each child selected for this study, and is obtained with Equations (9-10), as can be seen in Table 4 III. ANALYSIS OF THE PROPOSED MECHANISM Figure 6 shows a planar four bar mechanism formed by a reference bar r 1 (fixed), an input bar r 2 (rotational motion), a coupler r 3 (rotational and translational motion), and an output bar r 4 (rotational motion). In order to analyze this mechanism two coordinate systems are established: a system that is fixed to the real world (OXY ) and another for selfreference (OX r Y r ), (x o , y o ) is the distance between the origin points of both systems, θ 0 is the rotation angle of the reference system, and θ i (i = 2, 3, 4) corresponds to the angle for every bar in the mechanism; finally, the coordinate pair (r cx , r cy ) determines the position C of the coupler. The self-reference coordinate system was used to develop the kinematics of the mechanism and the fixed coordinated system was used as a reference to fulfill the ankle trajectory by the couple.
The closed loop equation is proposed as follows (Equation (11)):
If vectors are expressed in polar form they can be written as Equation (12) 
By using the formula of Euler on Equation (12), it can be expressed as Equation (13):
By solving Equation (13) for θ 3 , it can be expressed in compact form from the Freudestein equation as Equation (14):
where (15-17), the angular position θ 3 is given by Equation (18):
By following a similar procedure, θ 4 can be expressed as shown in Equation (19):
where The signs for the root of Equations (18-19) must be chosen according to Table 5 . The case study in this work is an open type mechanism.
To follow the trajectory it is necessary to establish the position of point C in the coupler, referred to the global coordinate system as in Equation (23) 
Equations 23, 24 and the expressions from the the mechanism kinematics are sufficient to calculate the position of C along the trajectory. 
IV. OPTIMIZATION STRATEGY
The aim of this work is the dimensional synthesis of a reconfigurable four-bar mechanism for tracking ankle trajectory for children of 2, 7 and 12 years old. To do this, three mono-objective numerical optimization problems were proposed, where the main goal was to minimize the error of tracking ankle trajectory of each study case. The optimization strategy is as follows: Given a set of points (Table 3) , the coupler of the four-bar mechanism should fulfill the trajectory established by the above mentioned points with a minimum error. Also, a set of mechanical constraints must be fulfilled to obtain a feasible system. Therefore, when the designer proposes an optimization problem the kinematics analysis is taken into account to compute the positions, angular displacements and velocities for an harmonic operation of the mechanical elements for the whole system.
The first problem originates with the pairs of points corresponding to the age of 12 years, because it is associated to the largest trajectory, which can be observed in Figure 5 . For the solution of the second and third problems, the dimensions of r 1 and θ 0 , obtained from the previous solution are fixed as constant values; this to facilitate the mechanism scalability. For the other two problems, the points corresponding to the ages of 2 and 7 years respectively are used.
A. OBJETIVE FUNCTION (O. F.)
It is required to establish the bar lengths, the rotation angle of the global system, the distance between reference systems and the set of angles for the inlet bar, to achieve the precision points associated with the parametric trajectories.
In the global coordinate system OXY , the i th precision point as calculated by Equation (25),
Then, given a set of bar dimensions and parameters X 0 , Y 0 , each point of the coupler bar can be expressed as a position of the inlet bar by using Equation (26),
d is used to express the desired precision points and C i corresponds to the points achieved by the designed mechanism, Equation (27) can be used to calculate and then minimize the distance between them:
To improve the performance of any mechanism to be designed it is necessary to establish the corresponding set of mobility and size constrains. For this case, the Grashof law and the sequence of inlet angles were considered for an adequate mechanism mobility, Equations (29-31) and for the trajectory synchronization, Equation (32), respectively. The Grashof's law establishes that for a planar four-bar linkage, the sum of the shortest and the largest bars cannot be larger than the sum of the remaining bars, if a continual relative rotation between two elements is desired [36] For this work the Grashof's law was proposed as follows:
where r 1 is the largest bar, r 2 the shortest bar and r 3 , r 4 are the remaining elements
r 3 < r 4 (30)
To solve the problem proposed it is necessary to follow in a sequential manner the precision points to describe the ankle trajectory; that implies a timing angular sequence accomplishment and this requirement is established by Equation 32 (32) where N is the number of precision points.
C. VECTOR OF DESIGN VARIABLES
For the first problem, the vector of design variables is established as in Equation (33):
where the first four variables correspond to the lengths of the bars mechanism; the following two to the point C of the coupler, the following three specify the global coordinate systems orientation and the last six are associated to the angle sequence of the input bar.
For the second and third problem, the vector of design variables is established as in Equation (34): The mono-objective numerical optimization associated to the first problem is described by Equations (35-47),
subject to:
with the bounds: 
The mono-objective numerical optimization associated to the second and third problem is described by Equations (49-61),
with the bounds:
0 ≤ p i ≤ 2π, i = 8, 9, 10, ..., 20, 21 (61) and the precision points for two and seven years old children correspond to the sets in Expressions (62-63 respectively): 
E. PROBLEM CHARACTERISTICS
A measure for the complexity of an optimization problem was proposed by [30] as the ρ -parameter, defined as a relation between the feasible zone and the search space. It can be represented as the percentage of feasible solutions found in an arbitrary large number of randomly generated values inside the search area. One million random solutions were generated to evaluate the complexity for this problem and just one feasible solution was obtained. The characteristics for this design problem are summarized in Table 6 , where n and c are the number of design variables and constrains, respectively. The proposed optimization problem has a dimensionality of twenty three design variables. As a first stage, the complete design vector is solved for the trajectory associated with a twelve years old child. Once the mechanism for this path is obtained, the length (r 1 ) and angle (θ 0 ) of the fixed bar can be considered as a reference when solving other paths, making it a reconfigurable system. So, the best solution can be selected and the values of the variables p 1 and p 7 set as constant, to simplify the search of solutions for the two remaining trajectories by solving a problem with twenty one design variables.
The obtained results for ρ demonstrate the high problem complexity as a consequence of the requirements to follow an angular sequence (timing) in all the proposed trajectories.
V. OPTIMIZATION ALGORITHMS
The selected algorithm for the dimensional synthesis described previously is DE. This popular meta-heuristic has been extensively treated in literature and represents a good alternative for solving real world problems [19] . However, it is necessary to solve this mechanism with a method of a different nature in order to compare the performance and the quality of the solutions. Since this case study has a quadratic objective function and lineal restrictions, a mathematical programming method must be the first instance for solving the problem; so SQP was selected for this task.
A. SEQUENTIAL QUADRATIC PROGRAMING
SQP is one of the most successful deterministic methods for the solution of constrained numerical optimization problems. The solution is obtained from a set of non-linear equations by the Newton method, and the consequent derivation of the generated simultaneous non-linear equations, applying the Kuhn-Tucker conditions to the Lagrangian of the optimization case. A complete SQP algorithm will have the following steps [37] This method starts from a single point (randomly generated in this work) and iteratively generates search directions, to find new neighbors for competition. So, it is highly sensitive to the starting point. For this case, SQP was implemented using the function fmincon of MATLAB R R2013b [31] , with 500.000 objective function evaluations as the stop condition, or after the pre-established limit of evaluations without improvement.
B. DIFFERENTIAL EVOLUTION
Differential Evolution (DE) was designed by Storn and Price [32] . This algorithm simulates the evolution process as the selection nature; the survival of the fittest and reproduction. This algorithm is one of the most commonly used metaheuristics, and has been used to solve engineering problems efficiently. It is based on the reproduction of individuals in a population: the combination of the parents and their sons who should replace them, and sons that become the new parents and produce sons. All this depending on whether the sons are better than their parents or not.
DE starts with a random population whose size is defined by NP, with each individual as a candidate solution. Then, new solutions are generated by applying the crossover (Cr) and mutation (F) operators over three selected individuals (parents). Finally, the best between old solutions and the new is selected [33] . For this development, the selection operator was implemented with the rules of Deb [34] : 1) Between two feasible individuals it selects the one with best objective function 2) Between one feasible individual and another infeasible it selects the feasible one. 3) Between two infeasible individuals it selects the one with the lowest sum of constraint violation. Algorithm 1 presents the pseudo-code corresponding to DE.s
VI. RESULTS AND DISCUSSION
For this case study thirty simulations were made for each algorithm after its tuning. Once the results were obtained a statistical analysis was carried out to compare the performance of the applied methods.
A. SQP RESULTS
In this particular case SQP did not have a good performance, as can be seen in Table 7 (best solutions) and in Table 11 (statistical analysis). Only nine feasible solutions were found in the thirty simulations for the twelve-years old path. This is until G <= Gmax; 20 end FIGURE 7. Trajectory followed by the best mechanism synthesized using SQP.
because of the high sensitivity of SQP to its starting point, and the high complexity of this problem related with the angular sequence to follow (timing). Although feasible solutions were obtained they presented high OF values, corresponding to a bad tracking of the specified points, as shown in Figure 7 ; for these reasons only the twelve year old path was tested with SQP. Tables 8, 9 and 10 present the best solution vectors of the thirty simulations for two, seven and twelve-years old children, respectively. As can be seen, FIGURE 8. Trajectory followed by the best mechanism synthesized using ED. all parameters converge to the same value of OF, showing robustness in DE to find optimal solutions.
The statistics corresponding to the best solution vectors are shown in Tables 12, 13 and 14 . From an engineering point of view, the error corresponding to the best solutions of DE is close to zero, so they can be consider as quality results. This suggests the capability of DE when searching optimal solutions. As shown in Figure 8 , the trajectory followed by a mechanism designed with the dimensions presented in Table 15 adjusts well to the precision points specified. Figure 9 shows the convergence behavior of the algorithm: before 30,000 evaluations all the individuals are feasible for the three proposed trajectories, in spite of in Figure 10 it is verified that the convergence to the minimum requires a greater number of evaluations, as a consequence of the high problem complexity. In the algorithm tuning process, 500,000 evaluations were established as stop criterion, taking into account the need to meet the angular position sequences, requiring approximately 150,000 evaluations to achieve convergence of the objective function.
C. RESULTS DISCUSSION
As it can be observed in Figure 5 , three ankle trajectories different among them in size were used for this study. The difference is because the paths are proportional to the lowerlimb dimensions of each considered child. Every trajectory was traced with a specific set of precision points, to formulate three numerical optimization problems which were solved using the SQP and DE algorithms. SQP was used to solve the dimensional synthesis for the four bar mechanism corresponding to the twelve-year old children, and its results are shown in Table 7 . However, it is important to remark that from thirty simulations only nine feasible solutions were obtained, and at least four cannot be manufactured because the calculated lengths of r 2 are zero or too close to it. The lack of feasible solutions is originated from the high sensitivity of SQP to its starting point, and the high complexity of this problem related with the angular sequence to follow (timing). For these reasons only the twelve-year old problem was tested with SQP.
The statistic analysis presented in Table 11 for SQP results shows that the synthesis through an optimization problem is viable. However, the resulting values in OF are considerably higher than with DE (see Table 10 and 14) . Additionally, the standard deviation for SQP shows a high dispersion, and the best solution reached with this algorithm did not meet the required trajectory. This can be observed in Figure 7 , where the obtained path (dotted line) does not follow accurately the ideal trajectory. The foregoing indicates that SQP did not have a good performance in this particular case.
DE was used with the aim to improve the results and find alternative design choices. These goals were accomplished, as can be seen in Tables 8, 9 , and 10, for two, seven and twelve-year old children, respectively, since the obtained solutions are feasible and the components are manufacturable. The low standard deviation values presented in Tables 12, 13 and 14, suggest a high stability of DE and good performing to solve this problem. The trajectory presented in Figure 8 corresponds to the best solution synthesized using DE, showing a well adjusted trajectory through the precision points.
A box plot made a comparative analysis between SQP and DE. The small dispersion and the minor OF value obtained for DE evidenced its better performance to solve this problem, as presented in Figure 11 .
Figures 12 and 13 present detailed schematics of the mechanism corresponding to the best solution in DE. They are based on the results in Table 15 including slots for scalability in bars 2, 3 and 4, and an adjustment made with positioning holes located in the coupler bar. Then, a CAD motion module was used to verify graphically the tracking trajectory. 
VII. CONCLUSION
From the simulation results, it can be concluded that the procedure presented in this paper to find the points that describe the ankle trajectories in the sagittal plane is a useful alternative for gait analysis when experimentation is not available. On the other hand, the results obtained using the proposed design methodology demonstrate that it is a good alternative to perform the analysis and synthesis of four bar mechanism producing results that meet the previously established design conditions. The mathematical and meta-heuristic optimization methods ease the process of solution, making them a useful tool for engineering design.
In the second stage, a four-bar mechanism was designed to follow the drop type ankle trajectory by proposing a constrained numerical optimization problem. Then, a mathematical programming method (SQP) and an evolutive algorithm (DE) were used to solve the case study. Once the simulation results were analyzed, they proved that for this particular case SQP did not present a good performance as should be expected considering the form of the objective function and the constrains. This is a consequence of the high problem complexity and the sensitivity of SQP to the starting point. DE was demonstrated to be a good choice to obtain manufacturable solutions for this engineering problem, suggesting that it can be applied successfully in other real world cases.
Finally, future work for this project is focused on the structural design and development of a speed control for the mechanism proposed, considering the associated dynamic model. This is because the next step is to build a prototype that can be tested in real conditions. 
